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Influence of Nonlinear Rotor-Platform Interface on
Dual-Spin Attitude Dynamics

Donald L. Cronin*
University ofMissouri-Rolla, Rolla, Mo.

Atmosphere Explorer-C-a dual-spin spacecraft-exhibits a bounded attitude instability characterized most
importantly by persistent coning of its spin axis about the intended direction of spin. Nonlinearities, presumably
at the rotor-platform interface, were identified as the likely cause of the observed behavior. In the present paper,
a rational nonlinear interface model is developed, and it is shown by integration of quasilinear equations of
motion, and by approximate analysis, that the hypothesized model leads to behavior which predicts that ob-
served.
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Nomenclature
rotor transverse axis inertia

bn3
b'n3
rotor spin axis inertia
coefficient of viscous friction
bearing ball diameter
bearing pitch diameter
I33C/I33
plat form inertia matrix, I{j = 0
rotor inertia matrix, I-j =0,i^
Iii+A+n(b+b')2,i=l,2

tr /' =A,A,C

= Iu = I 22* axisymmetric case
= In = 722, axisymmetric case
=gain factor in motor control loop
= gain factor in motor control loop
=gain factor in motor control loop
= mass of platform
= mass of rotor
=4/7,

= bearing contact angle
= ring damper symmetry axis inertia
=/3//22
= ring damper coefficient of viscous friction
=7//22
= decay rate; inverse of time of decay to \/e of initial

value
= decay rate for rigid system with ring damper
= decay rate for system
= cone angle, half cone angle
=Ca0/ft
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Tf

= Ca0/fiiti=\,2
= mm' /(m+m')
= coefficient of Coulomb friction
= Ti/Iii9i = l,2
= time constant in motor control loop

Introduction

ATMOSPHERE Explorer-C is theoretically stable in
all of its operating modes. Its axisymmetric rotor por-

tion is a large, fairly rigid momentum wheel supported by a
single ball bearing and driven by redundant brushless dc
motors. Its platform portion is an almost axisymmetric struc-
ture on which are mounted the spacecraft's passive viscous
ring nutation dampers. Contrary to theoretical predictions,
AE-C exhibits a bounded attitude instability. Disturbance-
induced coning of its spin axis is observed either to gfow for
small initial cone angles, or to decay for larger initial cone
angles until an intermediate equilibrium cone angle is reached.
Steady precession of the spacecraft spin axis at this
equilibrium angle follows. There exists, moreover, a threshold
for this behavior, a very small cone angle below which in-
duced coning motion appears to decay more or less normally.

Investigations led to an identification of the rotor-platform
interface as the likely source of this attitude instability. The
rotor-platform interface, it may be recalled, was previously
identified as the source of the attitude instability of another
dual-spin spacecraft, Tascat I . l Published work2 '3 concerning
the influence of interface parameters on dual-spin attitude
dynamics employs linear interface models and predicts no
stability dependence on cone angle. Nonspecifically located
nonlinear stiffness and dissipation mechanisms were
shown,4'5 on the other hand, to be capable of causing a

Fig. 1 Idealized spacecraft model.
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variety of attitude behaviors including the steady precession
previously described.

In the present paper, the flexible, dissipative interface of a
dual-spin spacecraft is characterized generally in terms of
documented nonlinearities: hardening stiffness of the bearing
connecting the spacecraft portions, and Coulomb friction
proportional to bearing stiffness.6 Included also are viscous
terms intended to describe the influence of bearing lubricant,
and terms describing the influence of motors employed to
preserve relative spin. A nutation damper is also present.
Quasi-linear equations of motion are derived, and an ap-
proximate analysis is developed. The quasi-linear and ap-
proximate descriptions of the hypothesized model are em-
ployed to examine the specific case of AE-C functioning with
its platform despun, one of two normal operating modes.
These descriptions are shown to predict the observed AE-C at-
titude instability.

Equations of Motion
The system analyzed is illustrated schematically in Fig. 1.

The axisymmetric rotor B' spins about its center line con-
tiguous to the vector b' drawn from the point of rotor-
platform connection Q to 0', the rotor's center of mass. The
platform B spins about an axis of symmetry contiguous to the
vector b drawn from 0, the platform's center of mass, to Q.

Primed and unprimed coordinate systems are fixed in B'
and 5, respectively and originate at mass centers as shown.
Associated unit vectors are related through the semilinearized
transformation

U = —s (1)

with

a2=<j)2s+(j)1c

Small angles <£7 and c/>2 illustrated in Fig. 2 characterize, to
first order, rotations of B' with respect to B about orthogonal
axes normal to the system axis of spin; <f>3i characterizes
relative rotor spin.

Equations of motion given by Cretcher and Mingori7 may
be restated, for the systems

(2)' ) =0

and for the platform

[ I ] u + u x ( [ I ] u ) + i J L b x ( b + b ' ) = (3)

Dots over vectors signify total differentation with respect to
time. Primed and unprimed inertia quantities are developed
about primed and unprimed axes, respectively.

Components of Eqs. (2) and (3) along the xlt x2, and x3
axes may be written with the aid of the transformation in Eq.
(1). Subject to the assumptions of small transverse platform
rates ul and u2, and small interface angular deflections 07
and 4>2, component equations accurate to first order in small
quantities are

llul + (I33 -!22)u2u30 + Ca0u2

+ [C(u30+a0)-2Au30]<j>2

+ [ (C-A)u30 + Ca0] u30<t

I22u2-(I33-Iu)u1i430-Co0u1

-[C(u30+o0)-2Au30]j>1

+ [ (C-A)u30 + Co0]u30(t)2

=0

(4a)

2 =0

for the spacecraft, and

Inu,.+ (I33 -I22 )u2u30

122*2 -

Fig. 2 Orientation of coordinate systems.

for the platform, with

U3=U30+U31> U30>U3l> "30=0

4>3=o0+ol) <r0>alt o0=0

Torques transmitted across the rotor-platform interface
may be attributed to a motor (or motors), a bearing (or
bearings), and to miscellaneous connections such as seals and
slip rings assemblies. AE-C employs two motors in tandem
(either normally operates), and a single X-contact or four-
point contact ball bearing interposed between the motors.
Miscellaneous connections include an encoder assembly and
two labyrinth seals.

An estimate for bearing torque employs the model
illustrated in Fig. 3. The inner portion of the bearing -rotor
mounted inner race, retainer, and balls -is treated as a single
disk-like body constrained against rotation about axes in a
plane bisecting the bearing and parallel to the xlt x2 plane by
an elastic housing representing the platform-mounted outer
race.

To first order, the instantaneous axis of disk relative tran-
sverse rotation is parallel to the unit vector n,

nr= (0y / iy +02/i/)/*

Contact of the disk and housing is centered in a plane con-
taining the x3 axis and normal to n.r. The pressure of the disk
on the housing produces a net normal force

Fs=f(<j>)na
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with
na = cosan+s'manf

n= (-

This force is generally a nonlinear function of deflection; it
is treated here, however, as a first-order quantity. Contact
angle dependence on applied loading is relatively weak for an
X-contact bearing. Changes in a, the contact angle, are con-
sidered here, therefore, to be first -order quantities. Their in-
fluence on Fs is thus negligible.

The moment arm associated with Fs requires definition
only to zero order

R= i/2[ (dm +Dcosct)nf+Dsman3]

The torque produces by Fs and its counterpart on the opposite
side of the bearing is

Ts=2RxFs

= dmsmoif(<j>)nr

= M(<t>)nr- (5)

Contact force is assumed to include a Coulomb term

G=-sgn(a0)p/(0)/i r

The force G is again a first-order quantity requiring for
description its direction only to zeroth order. The associated
torque is

Tc=2RxG

Tc = -sgn(a0)pf(<l>)[Dsmanf-(dm +Dcosct)n3]

Tc= - p M ( ( j > ) [ n f - ( d m +Dcosa) /Dsinan3]

with

(6)

To torques given in Eqs. (5) and (6) is added a viscous
torque serving to characterize bearing lubricant dissipation
mechanisms

* V = * VO +

Tvo=ca0n3

Tvl =

(la)

(7b)

Motor drive torque is assumed parallel to the skewed rotor
centerline. Components of drive torque applied to the plat-
form are then

(8a)

(<t>2ni -<t>in2

The constant viscous torque term given in Eq. (7a) is faith-
fully reacted by the constant motor torque term given in Eq.
(8a).

The spacecraft attitude behavior described in the in-
troduction appears in all modes of motor control including
the simplest, a tachometer speed control, described in Fig. 4
and characterized for present purposes by

TffM1+TM1 = -kbktrfdl - (kbkt

(9a)

(9b)

p l a t f o r m - m o u n t e d
h o u s i n g

Fig. 3 Idealized bearing model.

"f

k f = 0.0278 Nm/vol t
k, = 0.42 vo i t / rad/seco

= 0.276 vo l t / r ad / sec

Tf = 0.25 sec
F(s) = k f / ( I +T fs)

Fig. 4 Tachometer speed control incorporating AE parameters.

Disturbance torques appearing on the right-hand side of Eq.
(9a) are first-order. Time-dependent motor torque TMl is
first order for properly designed control. Transverse com-
ponents of time-dependent motor torque shown in Eq. (8b)
are second order and are, therefore, negligible.

Motor rotors are displaced from the bearing-bisecting plane
of transverse rotation. Rotation of the rotor assembly about
an axis in this plane parallel to nr produces a translation of
motor rotors and a disruption of motor air gap symmetry
leading to additional platform torques in the -nr and -sgn
(a0)rif directions (as well as a 0 dependent component along
the rotor center line). These torques are presently un-
characterized, as are presumed small torques associated with
the encoder assembly and labyrinth seals.

Consistent with the foregoing order-of-magnitude
arguments, spacecraft behavior may be described to first-
order accuracy by the first two of Eqs. (4a) and the first two
of Eqs. (4b). In the latter

7, =/!,-• (Ts + Tc + Tvl), i = l,2 (10)

where expressions for Ts, Tci and Tvl are given in Eqs. (5), (6),
and (7b), respectively.

Further work is simplified by the assumption of negligible
platform spin, i.e., u30 =0. In this case, equations of motion
may be written

itj +A 7 (u2

u2-\2(uI

/ =0

(lla)
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Platform mounted viscous-ring nutation dampers having
centerlines along the x2 axis contribute the following terms to
the left-hand side of Eqs. (1 la).

0

(lib)

and add the equation

where

(l ie)

describes the damper fluid rotation rate.
Results of numerically integrating Eqs. ( l la) with addition

(lib), and Eq. ( l ie) are given and discussed in a subsequent
section.

Approximation
An approximation may be developed for the case of an

axisymmetric spacecraft. Given axisymmetry

* 11 = I22 — !{> 111— 122 ~ ̂

in Eqs. (4a) and (4b), and

\ _ \ \

s] =s2 =s

in Eqs. (lla).
Interface torques discussed previously may be summarized

(12)
(<t>2 -p<t>j

In Eqs. (lla), the substitutions

U12=U1+jU2

<t>]2 =0/ +y*02

and manipulation give

it ]2 -j\u

u]2 +s<j>12=jcj>12

with

c = c///, M(«

In Eq. (13), the assumed solutions

=0
(13)

<t>}2 =

lead to relationships

U=-p(rp-j\)*/(p-j\)

and

and

where

-s) =0 (15)

6(P) = -P5 -y'

and

d0=\M((t>)/(r-s)

l>r>s

for the present study. In Eq. (15) M(</>) is treated as an
average over one coning cycle.

The roots of the polynomial given in Eq. (15) depend upon
the spacecraft cone angle 6 through the interface torque
M(</>), since the time rate of change of rotor angular momen-
tum equals the applied torque

One root solving Eq. (15) is generally neary'X, where X is the
rigid body precession frequency. The real part of this root,
therefore, describes coning growth or decay. The case of
marginal stability may be examined by assuming a solution to
Eq. (15) of the form

p=jm

with m real. Substitution reveals two requirements on m

\=0 f (lla)

and

m3 +d2m2 +dlm+d0 =0 (lib)

The three solutions to Eq. (17b) are sketched in Fig. 5 as
functions of M(4>) . The straight line described by Eq. (17a)
intersects two of the solution curves; the lower intersection
provides the marginally stable flexible precession frequency
m], and the corresponding interface torque M*($). The latter
may be employed in Eq. (16) to approximate the marginally
stable cone angle. (In Eq. (16) m] replaces X to more ac-
curately reflect the situation.)

The mode shape associated with marginally stable
precession may be obtained from Eq. (14)

with

m* (\ — rm*)

X > m ] > rm ]

(14)

Deflection at the interface is seen to lead coning by 90°.
More significant is that Coulomb torque, which is seen to lag
deflection in Eqs. (13) by 90°, is in phase with transverse rate
(and platform angular momentum); it is therefore
destabilizing. Viscous torque, on the other hand, leads deflec-
tion by 90°, and is thus 180° out of phase with platform
angular momentum; it is therefore stabilizing.



OCTOBER 1976 ROTOR-PLATFORM INTERFACE ON DUAL SPIN DYNAMICS 1399

Fig. 5 Sketch of m vs M(<f>) behavior for Eqs. (17a) and (17b).
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Fig. 6 Experimental torque-angular deflection data for spacecraft
bearing (source: T. Flatley, NASA).

Coulomb torque increases relative to viscous torque for in-
creased interface deflection, since the bearing typically
exhibits hardening stiffness. Both M((/>) and M(0) are thus
monotonically increasing functions of </> (and cone angle). The
spacecraft is thus unstable for cone angles larger than the
marginally stable cone angle, and stable for smaller cone
angles. The marginally stable cone angle described here is
therefore the threshold cone angle characterizing spacecraft
behavior.

Stability may be investigated in further detail by assuming a
solution to Eq. (15) of the form

p=jml+p1

with ml > \PJ I . Use of a truncated Taylor series for Q ( p )

Q(P) =

with

Q' (jml) =3m] +2d2ml+d1

leads to an expression for/?/

Pl = (\-m]) [cmj -pM(<t>)] ( Q' ( j m l ) (r-s)

with

Coning growth or decay is described by Re (pj

6 = (\-ml)[cm1 -pM(</>)]Q' (jm^ir (18)

and the flexible precession frequency is given by
j ) . InEq. (18)

(\-mj)>0

(r-s)>0

Q'dm^xO

Stable behavior, that is, coning decay, therefore requires that

0 (19)

Above the threshold angle, the interface effects described
here are seen to always destabilize. It is shown in the next sec-
tion, however, that this destabilization is strong only over a
fairly narrow range of spacecraft cone angle and becomes less
significant as cone angle increases. System decay rate ds is also
controlled by the viscous ring nutation dampers. For the
system

where <5 is obtained from Eq. (18), and where 5r is the decay
rate of the rigid spacecraft with the ring dampers. The
equilibrium cone angle characterizing spacecraft behavior is
thus possible with the model developed here. It occurs when
the destabilizing influence of interface effects is balanced by
the stabilizing influence of the viscous ring dampers.

The approximation given in this section represents a poten-
tially useful approach for assessing the influence of other in-
terface effects, both linear and nonlinear. Assume, for exam-
ple, that motor torque was nonnegligible and that one desired
its inclusion. To the right-hand side of Eqs. (12) is added

where

TMI —

This produces in the second of Eqs. (13) the new right-hand
term

For perfect motor control

(20)

from Eq. (6) when sgn (o0) >0. Motor torque is 180° out of
phase with platform angular momentum and serves to
stabilize. Marginal spacecraft stability obtains where the line

pM(<t>)=0 (21)

intersects the m} curve in Fig. 5. A stability requirement
becomes

(r-s) ] 2 + [c(2ml -X) -
The m axis intercept of Eq. (20) is negative. An intersection

with the m2 curve therefore occurs, indicating a second
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Table 1 AE-C properties

Quantity Value Units

m .
m'
b
V
fn
h2
hs
A
C
(3
7
°0

751.97
13.32
44.2

9.6
117.12
118.88
136.63

1.80
3.59
1.75
0.32

37.70

kg
kg
cm
cm

k g m 2

k g m 2

k g m 2

k g m 2

k g m 2

k g m 2

Nm sec/rad
rad/sec

marginally stable cone angle. One may repeat the steps given
above proceeding from Eq. (15) and an assumed solution

P=jm2+p2

where — m2>\p2\ to obtain another stability criterion

cm2+rMI -pM(<t>)<0

since it may be shown that

Q'(jm2)>0

Discussion of Results
Cone angle growth for AE-C is observed for cone angles in

the range 0.05° to 0.75°. Similar instability is exhibited by the
model described above when AE-C properties are employed
and when interface dissipation parameters c and p are suitably
adjusted. Appropriate properties are listed in Table 1. Values
shown for the nutation dampers provide a 12 min coning
decay time constant for the rigid spacecraft.

Static torque-angular deflection data for an installed
bearing are shown in Fig. 6. Several analytical descriptions
for these data were employed during the study. The simplest

M((())=1.0445xl010(t)3Nm (22)

with c/> measured in radians, was most often utilized.
For values quoted in Table 1, integration of Eqs. (1 la) with

addition (lib), and Eq. (1 Ic) produced results typified by the
time constant-cone angle plot shown in Fig. 7. In this plot are
seen, in addition to the range of coning growth, the stabilizing
influence of interface dissipation below the threshold cone
angle, and the asymptotic approach of time constant to the
rigid spacecraft value in the range above the equilibrium cone
angle.

Integration established that essential behavior was
significantly influenced neither by starting values specified for
interface deflections and rates, nor by the analytical descrip-
tion for M(</>) -piecewise linear and fifth-order represen-
tations were used in addition to the cubic given in Eq. (22).
Motor and control were included, adding Eqs. (9) and
modifying Eq. (10); this inclusion again produced no
significant change in essential behavior.

At this point the strongest admissible conclusions are that
the interface is the source of the observed instability and that
nonlinear bearing stiffness is the direct or indirect cause.
Dissipative interface torques employed here either associate
with bearing dissipation mechanisms as presumed in the
development, or they associate with unspecified mechanisms,
and the words linking them to the bearing are gratuitous. To
associate these torques more or less positively with the
bearing, one must establish that the values for interface
dissipation parameters needed to match model behavior to
spacecraft behavior can be justified by comparison to the
results of bearing test or analysis.
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Fig. 7 Representative time constant-cone angle plot for spacecraft
with nonlinear, dissipative interface and nutation damper sized for a
nominal 12 min coning decay time constant.
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P

Fig. 8 Summary of dependence of pertinent spacecraft coning
behavior on interface dissipation parameters for the nominally stiff
interface.

The situation is complicated by several uncertainties. First,
data shown for bearing torque vs angular deflection may not
be representative, since this behavior depends critically on in-
dividual bearing internal dimensions and upon temperature.
Second, the threshold angle is not precisely known. The value
quoted is believed to be an upper bound.

Figures 8, 9, and 10 are intended to give a concise summary
of spacecraft coning dependence on interface dissipation
parameters. Employed in the construction of these figures
were Eqs. (18) and (20). The leftmost curve on each figure
represents the boundary above which values of c and p permit
stable operation. Below the leftmost curve various unstable
behavior is possible. Unstable behavior characterized, for
example, by an equilibrium cone angle BE of 0.75°, is
produced by values of c and p lying on the rightmost curve of
each figure. Values of c and p on a member curve of the
families shown produce unstable behavior characterized by
the label threshold cone angle 0T. The nominally stiff in-
terface referred to on Fig. 8 is defined by Eq. (22). Softer and
stiffer interfaces are defined, respectively, as those producing
half or twice the nominal torque at an interface deflection of
0.46 mrad.
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100,
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Fig. 9 Summary of dependence of pertinent spacecraft coning
behavior on interface dissipation parameters for the softer than
nominal interface.
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Fig. 10 Summary of dependence of pertinent spacecraft coning
behavior on interface dissipation parameters for the stiffer than
nominal interface.

Values of c and p employed to generate Fig. 7 are indicated
by the circle on Fig. 8. Approximate analysis is seen to ac-
curately predict threshold cone angle, and to fall short in the
prediction of equilibrium cone angle. Intersections shown on
Figs. 8-10 serve to establish, within the context of un-
certainties described, ranges within which c and p must lie to
cause the observed spacecraft behavior. Admissible values for
p, hypothesized to describe bearing Coulomb friction, do lie

within the order-of-magnitude range of published bearing
values, 0.06-0.078.

Bearing work does not generally employ the simple viscous
friction model. Admissible values for the viscous friction
coefficient c are believed, however, to be generally higher
than values one could reasonably attribute to the bearing. One
is left to conclude that if the associated torque employed here
is indeed caused by bearing dissipation mechanisms, then the
interface is considerably softer than Fig. 6 data suggest
and/or the threshold cone angle is considerably lower than
0.05°.

Conclusion
Two distinct features are employed in the present rotor-

platform interface model. One, Coulomb friction, is con-
sidered representative of bearing dissipative behavior and has
been shown, by implication, to always destabilize a dual-spin
spacecraft. The other, nonlinear bearing stiffness, causes in-
stability to depend on cone angle.

The destabilizing influence of interface Coulomb friction as
modified by nonlinear bearing stiffness could have been coun-
tered in the case of AE-C - if the results shown in Fig. 7 are
representative - by a nutation damper sized to provide a rigid
spacecraft coning decay time constant of less than 7.5 min.

The launches of AE-D and AE-E took place after this study
was completed. Atmosphere Explorer-D cones at an
equilibrium angle of 1 ° in the platform despun mode and does
not exhibit a detectable threshold. The latter behavior rein-
forces the suggestion that the AE-C threshold may be con-
siderably lower than formerly thought. Early attitude in-
stability of AE-E disappeared after the activation of a new
augmenting platform-mounted nutation damper. The
theoretical or rigid spacecraft coning decay time constant for
AE-E is considerably less than 7.5 min.

An improved understanding of dual spin rotor-platform in-
terface behavior should lead for future programs to ap-
propriate specification of requisite nutation damping, and
possibly, to new self-stabilizing interface designs. It is hoped
that the present work enhances understanding and suggests
directions for related analytical and experimental studies.
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